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SUMMARY 
Computation of the thermal stresses i n  a n u c l e a r  r o c k e t  

i s  of importance From t h e  s t andpo in t  of ensu r ing  t h e  neces- 

s a r y  s t r e n g t h  du r ing  r e a c t o r  opera t ion .  

i s  necessa ry  t o  uetermine tne c o n t r o i  probiern of a iluclear 

rocke t .  

T h i s  in format ion  

An i n c r e a s e  of  hydrogen flow ( c o o l a n t  Flow) i s  

d e s i r a b l e  i n  o p e r a t i n g  a r e a c t o r  so as t o  e v e n t u a l l y  lower 

the  s t e a d y - s t a t e  co re  temperature.  

Flow n o t  on ly  i n t r o d u c e s  a h igher  te inperature  g r a d i e n t  i n  

fuel  element b u t  a l s o  takes a h i g h e r  heat t r a n s f e r  c o e f f i c i e n t .  

Thus, excess ive  hydrogen Flow a t  the r a t e d  f u l l  power con- 

d i t i o n  y ie lds  the most  c r i t i c a l  thermal stresses. 

T h i s  i n c r e a s e  of hydrogen 

, 
The e q u i v a l e n t  one-dimensional approach f o r  t h e  

t r a n s i e n t  heat t r a n s f e r  problem i n  a nuclear reactor:  i s  

d i s c u s s e d  I n  de ta i l s ,  

d i s t r i b u t i o n  of fue l  element and c o o l a n t  channel  a r e  

o b t a i n e d  i n  simple form and w i t h  s u f f i c i e n t  accuracy. 

The t r a n s i e n t  t h e m 1  s t r e s s e s  are  p r o p o r t i o n a l  t o  the 

d i f f e r e n c e  of temperature  between the f u e l  element and 

c o o l a n t  channel.  

t r a n s i e n t  and s t r e s s e s  a r e  given f o r  a sudden change OF 

the hydrogen Flow. 

From t h i s  approach, the temperature  

The a n a l y t i c a l  s o l u t i o n s  of t h e  thermal  

prom s e v e r a l  numerical  examples, i t  i s  



shown t h a t  t h e  t r a n s i e n t  thermal s t r e s s e s  can be much 

higher  than t h e  s teady  s t a t e  f u l l  power therrnal s t r e s s e s .  

The maximum t r a n s i e n t  t o  s t e a d y - s t a t e  full power thermal 

stresses should be i i r~ i i ted  to zi ppspei: ratic; t o  i n su re  that 

the  des ign  of the r e a c t o r  i s  w i t h i n  t h e  margin of s a fe ty .  



I 4 

1 
(1) I n t r o d u c t i o n  

The s t e a d y -  s t a t e  thermal s t r e s s e s  E r e  y r o p o r t i o n a l  t o  t h e  

power d e n s i t y  f o r  a given zeometry of t h e  core.  Due t o  a sud- 

den i n c r e a s e  of hv&oaen f low,  t h e  t r a n s i e n t  thermal s t r e s s e s  

can b e  much h i p i e r  t h a n  t h e  s2eady-s ta te  f u l l  9o;lrer tpernal  

s t r e s s e s  durS:y 2 per iod  of ti??. I f  t h e  r z t e d  power cf a 

reacf,or i n c r e a s e s ,  t h e  yowzr dens i ty  ~ 1 s o  incrcsses v h i l e  

t h e  s i z e  of a r e a c t o r  only Increases s l i y h t l i r .  Thus t h e  

r a t i o  of f,rar,sient t o  s teady -s t? te  f u l l  pwer  thernal stresses 

i s  very much limite8. if t.hc design of the s t ead -y - s t a t e  them?: 

S t r e s s e s  i s  n e s r  t h e  margin of s a f e t y .  !The P0de-n c o n t r o l  

t heo ry  g i v e s  a method ~f I.iznitinq these thermal  stresses by 

c o y t r o l l i n g  t h e  i-qeroqen flow c o r r e c t l y  

The stuGg cf opt im!rm c o n t r o l  waz c o n c e n t r a t e d  on lumped 

parameter processe5 :;?scrtl-ed tiy ordinsrv d i f f e r e n t i a l  equa- 

t i o n s .  Thus t h e  ccrnmon p r a c t i c e  cf i n t r c d u c i n g  a s t ,a te  v a r l -  

a b l e  c o n s t r a i n t  on t h e  optimur! c o n t r o l  of n u c l e a r  r o c k e t s  

i s  t o  limit t?ie tempera ture  r a t e  0x3 the 8 e r i v z t i v e  of tem- 

pera ture  i n  the tine d.omair! i'or t h e  purpose of l5mitir.a 

t h e r m a l  s t r e s s e s .  

It i s  found f r o r  t h e  p re sen t  study t h z t  t h e  sr\atip.1 

t empera tu re  .gra,c'ier,ts are more impor t ap t .  T h i s  i s  b a s e d  on 

the s t u d y  of thermzl  s t r e s s e s  o f  a Ruclear  reactor by i n t r o -  

d u c i w  a d i s t r i b u t e d  parameter model. For e&pple, i f  
t h e m  i s  EL sudden i n c r e a s e  of  hydrogen flow a t  t h e  s teady-  
s t a t e  c o n d i t i o n s ,  i t  i s  found t h a t  the c r i t e r i o n  f o r  



2 

l i m i t i n g  t h e  t h e r m 1  s t r e s s e s  i s  t o  c o n s t a i n  t h e  product  of  

the h e a t  t r a n s f e r  c o e f f i c i e n t  and t h e  d i f f e r e n c e  of t h e  

temperature  of  the f u e l  plate and hydrogen coolant .  

The p r e s e n t  i n t e r e s t  i s  t o  examine the  t r a n s i e n t  thermal  

stresses i n  slab o r  c y l i n d r i c a l  geometry due t o  the i n c r e a s e  

of hydrogen flow under f u l l  power cond i t ion .  

in format ion  i t  i s  hoped t h a t  t h e  t r a n s i e n t  thermal  s t r e s s e s  

i n  t h e  f u e l  element could be c o n t r o l l e d  a s  s t eady  as pos- 

s ib l e  while  s u b j e c t  t o  a time varying i n c r e a s e  of  hydrogen 

f l o w  under f u l l  power condi t ion .  

With t h i s  

A h i s t o r i c a l  review i s  given i n  Appendix A on t h e  

s u b j e c t s  of h e a t  t r a n s f e r ,  thermal s t r e s s e s ,  optfmum c o n t r o l  

i n  d i s t r i b u t e d  parameter  systems and the optimum c o n t r o l  

w i t h  s t a t e  v a r i a b l e  c o n s t r a i n t s .  
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( 2 )  Types of Reactors  

The types  of  r e a c t o r s  wnich can b e  considered f o r  a n u c l e a r  

rocke t  are those  wi th  e i t h e r  a solid core ,  l i q u i d  core  o r  gaseous 

core .  S ince  a l i q u i d  core  r e a c t o r  r e q u i r e s  a more complicated 

c o n t r o l  s y s t e m  and s i n c e  the technology f o r  gaseous co re  r e a c t o r s  

i s  far behind a t  t h e  p resen t  time, t h e  s o l i d  core  r e a c t o r  i s  

most s u i t a b l e  f o r  a spzce veh ic l e  wi th  a large payload i n  the 

near f u t u r e .  

Three g e n e r a l  t ypes  of solid core  r e a c t o r  are thermal ,  

homogeneous; thermal, heterogeneous; and f a s t  r e a c t o r s .  In a 

honogeneous thermal r e a c t o r ,  g r a p h i t e  o r  Be6 may be used as t h e  

moderator and t h e  f i s s i o n a b l e  E a t e r i a l  i s  Rixet! with the  ao- 

d e r a t o r .  The heat of f i s s i o n  Cs li3erated i n  t h e  moderator- 

f u e l  r eg ion  ana i s  removed by hydrogen p r o p e l l a n t .  The h ighes t  

o p e r a t i n g  tempera ture  i s  l i n i t e d  by t h e  m a t e r i a l  of t h e  moderator.  

I n  comparison wi th  Be0 grapli.i.te possesses 

(i) b e t t e r  mechanical p r o p e r t i e s  a t  high tempera ture ,  

(ii) h ighe r  me l t ing  p o i n t  and 

(iii) poore r  modertiting power. 

However, the  s p e c i f i c  impulse of hydrogen i s  p r o p o r t i o n a l  t o  the 

square  r o o t  o f  t he  exhaust  t enpe ra tu re .  Very high tempera ture  

i s  r e q u i r e d  t o  o b t a i n  high s p e c i f i c  i n p u l s e .  To wi ths tand  such 

an extreme temperature  graphi te  i s  rea l ly  t h e  only contender  (1) 

( 2 )  ( 3 )  

‘lost a u t h o r s  propose the core of a homogeneous r e a c t o r  f o r  

space  f l i g h t  should have a g r a p h i t e  ma t r ix  , ( 2 )  ( 4 )  (5)  i m -  

pregnated w i t h  LJ235. T k  atom r a t i o  ( 5 )  ( 7 )  of carbon i s  
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t 

about 5 C O  7J;hick: ensu;-es t h e  c r l t i c a l i t y  of t h e  1-eactor and 

t h e  r e t en t io i ?  o f  t h e  p r o p e r t i e s  of g r a p h i t e  i n  t n e  f u e l  

r eg ion .  For t h i s  atom r a t i o ,  t h e  e s t ima ted  s i z e  of r e a c t o r  

i n c l u d i n g  r e f l e c t o r  i s  about  4 f t .  i n  diameter and 4 f t .  i n  

he igh t  w i t h  205 v o i d  as given i n  Appendix B. A 6 i n c h  

Be0 r e f l e c t o r  surrounds the s u r f a c e  cf t h e  a c t i v e  co re .  Two 

f e a s i b l e  cons t . ruc t ions  are suzges ted  as f o l l o w s :  

( i )  A r i g 5 t  c i rcG.lm c y l i n d e r  con;posed o f  a homogeneous 

graphi te-uracium n r t r l i x  i n  which c i r c u l a r  h o l e s  a r e  d r i l l e d  

p a r a l l e l  t o  t k e  a x i s  ?or coolant  f low 

(ii) C o ~ l a a t  channels  ?,re t l a ~ a l l e l  t o  t . k ~  R X ~ S  cf' the c o r e .  

A number of p l a t e  t y p e  e lements  (composed of C - 5  v a t r i x )  are 

bound t o g e t h e r  t c  forrr, a u n l t .  A number o f  these u n i t s  forms 

a c y l i n d r i c a l  c o r e  (4)(6). The second t y p e  c o n s t r u c t i o n  i s  

cons ide red  he re  because o f  t h e  Eiinpler geonet ry  and mathe- 

m a t i c a l  a n a l y s i s .  

":-:-,. ~ ~ ~ i y ~  t ~ y , ~ p r ~ ~ t ~ : ~ -  0: Traph i t ?  i ir; a + > c , ~ ~ t  5 ~ !JOO"~>,, mile 

tctxpera.turc of F:J,'?m"cn st :::.it shou1Z tficrcfcye b c  a round  

4,500 0 % .  Tl.c in1-e.t t e~~e:?>. turc!  o f  hyc'roqerr Is t aken  as 180 

OR which is s l i y h t 7 . y  h5 ,~ f i e r  - t h a n  t h e  c r i t i c a l  t e n p e r a t u r e  

( 6 0 O R )  e F o r  p l a t e  t y 2 e  c o n s t r u c t i o n ,  the t h i c k n e s s  o f  t h e  

f u e l  element e x  b e  c a l c u l a t e d  i 3 ~ 7  assumlin$ that, 

( 8 )  

(i) The r.ur.:,ber of coolan t  charinels i s  212 f o r  cornpromise 

of  s t r u c t u r e  z r U  hea t  t r a n s f e r  problems and 

(ii) The v o i d  i s  2 0 %  for conpromis? of  volume of  r e a c t o r  

due t o  c r i t i c a l i t y  and heat t r a n s f e r  problems. The t h i c k n e s s  

of  a f u e l  e l e m n t  znZ the :t.idt'r, o f  coolan t  char.n.el are ob- 

t a i n e d  from Appendix E as  0 . 1 2  i n .  and 3 . 03  i n . ,  r e s p e c t i v e l y .  
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This value is in t h e  range given by Levoy and Newgard ( 4 )  as 

reasonable. It is found, t h a t  t h e  t h i c k n e s s  of t h e  coolan t  

channel is smaller thar, t ha t  of a f u e l  e l enen t .  
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I 

t T r  - nsf - r F r o b 1  
-_I 

m s  f o r  NLiclesr %actors 

The hea t  conduction p a t t e r n  i s  mproximate ly  s i m i l a r  from 

channel t o  chance l  i f  t h e  power gene ra t ion  i s  uniform in t h e  

radial d i r e c t i o n  arid if the  heat escape from t h e  o u t e r  surface 

is n e g l i g i b l e .  The core can, t h e r e f o r e ,  be r e p r e s e n t e d  by a 

L n i t  p l a t e .  ",'us t h e  hea t  cofiduction equa t ion  t o r  the  fuel 

element i s  g iven  as ( 3 )  

(3.1) a 
a r  

VlrVTT'(F,T) + P ( F z r )  = c p - T p , l ) ,  
J 

where TT7 = t empera ture  2 i s t r i b u t i o n  in 3 f u e l  e lement ,  

P = heat  source p e r  u n i t  volume per  u n i t  t i m e ,  

k = t he r i r z l  conduc t iv i ty  of t h e  fuel element ,  

P = density of  the f u e i  e lement ,  

C = s p e c i f i c  hea t  of t h e  fuel element ,  

" 

- 
and r = p o s i t i o n  v e c t o r  . 
The d i f f e r e n t i a l  equat ion  which ycverna  t h e  hea t  flow in t h e  

coo lan t  i s  t h e  foiklowing energy ba lance  ( s e e  appendix C) . 
The hydrogen coo lac t  f l o w s  i n  the z direction a x i a l l y .  

where TC- = balk temperature  of' t h e  coo ian t ,  assumed uniform 

i n  x d i r e c t i o n ,  

I; = cross=-sec t ic rna l  area of t h e  coolafit channel ,  

h( T )  = convect ion h e a t  ci7ansfer cot2fficTent 

C v  = cor,stait voiume s p e c i f i c  he;it cf coo la f i t ,  

C = cons tan t  prcssure  s p e c i f i c  heat of coo lan t ,  
P 
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D = perineter  o f  coolan t  ciiilnnel, twice the width of 

fuel p l a t e s ,  

W(r) = rnc~ss flow ra te  of c o o l a n t  p e r  channel ,  

F = d e n s i t g  of c o o l a n t ,  s 
R = p s i t i o n  v e c t o r  of  t h e  p o i n t s  on t h e  i n t e r f a c e  
- 

between the fuel element anC! t h e  coo lan t .  

The fo l lowing  p r o p e r t i e s  for the  r e a c t o r  are ilssmed, 

( i )  i4aterial p r o p e r t i e s  are cons tan t  

(ii) lie2t f l c f w  i n  the a x i a l  d i r e c t i o n  o f  t h e  f u e l  elements 

(.iii) S m a l l  amotint of store; energ;' i n  kydrogen as coo lan t ,  

i . e . ,  Cv i s  n e g l i g i b l e .  

Under t h e  above assuciFtions t 5 e  heat conduct ion and energy 

ba lance  equat ions  f o r  the pla te - type  f u e l  element 

i n  F igu re  1) e a ?  be w r i t t e n  as  

(as shown 

¶ ( 3 . 3  

w i t h  boundary cond i t ions  

= 0 3  .j a 
2x 
- -  TU(X,Z,T/ ( 3 . 5 )  



and t h e  i n i t i a l  c o n d i t i o n  

= f ?  -so ' 

8 

( 3 . 7 )  

Equations ( 3 . 3 )  t h r o c @ h  ( 3 . 8 5  g i v e  t h e  heat transfer 

characteristics of the reaczor .  I r r  orecr t o  o b t a i n  a meaningful 

s o l u t i o n  an i n d u c t i v e  zpproach i s  used t o  solve t h e  problem 

which follows. 

( a )  Two Eimensional Approach f'cr Cteady-State S o l u t i o n s  

ine 5emperature d s t r i b u t i o n  i s  sought  in a steeciy state n- 

condition w d e r  cons tan t  power' input,  Po. 

b e  th@ stehcly s t a t c  te iaperature  of thc f m l  clerhent and the 

c o 0 1 s n t ~ ~  respectively. The d i f f e r e n t i a l  equat ion  can be ~ b -  

t a ined  by s e t t i n g  ;;(T) = Wo, h ( ~ )  = ho snd I.i.e.;lecting the  

t r a n s i e n t  t e r n  i n  t h e  ori;:inai eqLet ions .  Thus, w e  have 

Let TUB ar,d TGS 

(3.9b) 

w i t h  boundary conditions 
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and 

- r? - 
"Go 

z - 0  
m Lhe s c l u t i o n  foi. this s t r a i g h t  forx ia r i  p roblem i s  

an6 

(3.lOC) 

( 3 .  l l b )  

So lut i o n s  

f u r t h e r .  Thus t h e  t,e;:iperrttr-,. d i s t r i b u t i o r - 1  all t h e  i n t e r f a c e  

Secones o u r  only i n t e r e s t .  The d i f f e r e n t 5 z i  equa t ions  become, 
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a 
ax  

--I-- I T i : L ?  2 ,  T) 

The s o l u t i o n s  of t h i z  bounti.sr.57 v a l u e  rrobiern are 

= o ,  

a aiiu 

( c )  

I.Je seek the  ;o lu t io : l s  of :i r e e c t o r  problem which changes 

Two-Dimensional Approzch f o r  ‘,’rarisient Solutions 

i’rom t h c  steady s t a t e  power l e v e l  F 0 t o  i? r ? w  l e v e l  P ,  while 

t he  flow r a t e  of corlarrt changes f ror i  ,J 0 t o  W. 

value proble? can b e  exyyessec 9s 

T h i s  boundary 

(3.16a) 
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e c c u r a t e .  

(d.) L q u i v F - l Z n t  OrLe ?li-ensior?al A--l,>roach fol- Transient  

(3.i6b), and l e t t i n g  

= p;;( T )  
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and the i n i t i a l  coniition 

or (3.215) 

and 

where 



I . 
' .  1 3  

( e )  Per tu iaba t ion  Yiethoc f o r  t > ? c  5'rmsien-L S o l u t i o n s  

We car. sssull.e the  teK3eeratu-e L ; i s t r ibu t ion  t o  h e  t h e  sum 

of t h e  steac3.p s t a t e  temperatu-re z n i  2 pe r tu rbed  tempera ture ,  

"here T an,. Tr are the pertm--jeci t e g p e r a t u r e s  of t L e  f u e l  
U - 

c o o l m t ?  r e s p e c t i v e l y .  

(i) If the flo7.r rrlte o f  coolsrnt i s  !:ept cons t an t  and t h e  

posrer is ciroppzd su? t i en ly :  ve have, 

an6 h ( r )  = ho 

L e t  u s  assure n ( z )  = TI t o  he co:istari t .  S u b t r a c t i n g  t h e  

t r i t h  t h e  boi.tnuxy coi:,-:ition 

(3.2'1) 



I .  

or 
( 3 . 2 % )  

This boundary va lue  problem i s  r e a d i l y  solved by app ly ing  t h e  

Leplace t r ans fo rm i n  t. The solution shown i n  LppenCix E is 

z -- 
c + I >  

) -11 - 
b(Fo-Pj ho - . --0 .* [ -4 1-e 



Furthermore, w e  assur7:z t ha t  $?le ciim2e of flow-rate i s  small 

enough S G  th+u t he  Ci7038 procluct tcr::is of p e r t u r b a t i o n s  can be 

neg lec t ed .  

s u b t r a c t i n g  Equation (3. i -21,  :+ria uslag the  r e l a t ion  i n  Equa- 

t i o n  ( 3.14): one cbteirs  

S u b s t i t u t i n g  EqQation ( 3 . 2 7 )  i n t o  Lquat ion ( ? - 1 9 )  

Wo- a Tq(Z,t) = h [T ( b , Z , t . )  - ’ i ’ r ” ( Z , t ) ]  + F o b ( - - -  ah ’- ”) ( 3.2 8a) 
ho wo 

j c: L! az 

The heat t r a n s f e r  c o e f f i c i e n t  a m  che flow-rate of coolan t  are 

approximately re la ted by 
- n ? t ? - ~  ( A’- , , : - 1 

Thus 

hO 

and 
w ho 0 

k;‘ 
0 

Ah Aw If t h e  t e r n  (- - -) is n e g l i s i b l e  E q w t i o n s  (3.28) are equt-. 

- 
va len t  t o  Equat ions ( 3 . 3 3 )  p rov ided  t h a t  

T Ah 1 .” .- = - 
? 0 % 



I 

Therefore, a small i r i c ~ s a s e  ~f I<! cr 9 g i v e s  a s i n i l a r  e f f ec t  

as a small decrease in power l e v e l .  
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( 4 )  T h e r m 1  - Stressez 

( a )  GeiTerai Ynei----’ Stresses 

The g e n e r a l  form of thermoeias?atc e q u a t i o n s  has the 

s t r a i n  t e rm i n  the energy equat ion  ana t h e  i n e r t i a  terms i n  

t h e  e q u a t i o n s  cf n o t i o n  ( s e e  Appendix F). F o r t u c a t e l y ,  In 

most engineexling a p p l i c a t i o n s ,  such as thermal-stress f o r  

the f u e l  element of 3 reactcr ,  I t  i s  p c s s i b l e  t o  disregare 

these coupl ing  terns .  Thus, the yenera1  thermal-stress prob- 

lem becomes t h e  quas i . .  s t a t i c  t h e m s l - s t r e s s  problem by s imply  

dropplng these  cQtplin5 t e x i s .  

cons ide red  as t-m d i e t i r l c t  p r o b l m s ,  a problem of heat trans- 

fer and a F rob len  of q G a s i - s t a t l c  t j?.ermoelasticiIy.  

The uncoupled system nay be 

(b) Tkree Dirnenslonal Q u a s i - s t a t i c  T h z r m a l  Stresses 

(i) Ye 2tre i n t e r e s t e d .  i n  s o l v f n g  the q u a s i - s t a t i c  

three d imens iona l  thermal-stress y r o b l e m .  I f  t h e  tempera- 

tL%i-e d i s t n i b u t i o n  if r s s imed  t o  b e  kiloWl $:?e I ” G l l o w i I ? g  f i f t e e n  

f u n c t i o n s  a re  tc,  be cetermined for t k e  t h e ~ ~ ~ e l a ~ t i c  problem: 

ti s t ress  conpor,ent.s: ‘ X X ~  ‘ ‘yy,  uz, xy,  yz, E X ,  

5 s t r z i n  components- ‘XX, ‘-v, - .  C z z ,  x y ,  yz, z x ,  

3 d i sp laccnen t  conponentzi u ,  v ,  w. 

c f.’” 0 5 0 

& E E 

There a r e  ti?.rsus;hci;t t.he body, the fcL1mir-i~ f i f t e e n  equa- 

t i o n s  to be  s a t i s f i e e  

3 e q u l  libriurrr e a u a t i o n s  : zq. ( G . 1 )  

6 s tress-stralc r e l a t i o m  : rq.. ( G . 2 )  

6 strain-:’ . isglace~ent r e l a t i o n s :  E q .  ( G . 3 )  

with p r o p e r  boundary conditioss. 



( 4 . 4 )  

( 4 . 5 )  

( 4 . 6 )  



The s o l u t i o n  of t h e  t3ermal stress nrob len  nust  s a t i s f y  t h e  

equilibrium ecuat ions  Eq. (51) with the prcpe r  boundary con- 

d i t i o n s .  The s t r e s s  compon?ntF i~ an isotrcpic boly must 

also s a t i s f y  the six e q u a t i o r ? ~  y l v e n  above, 

(iii) Consider a p la te - type  f u e l  element cf cor'stant 

t h i c k n p s s  2b as shown j n  Tigu-pe (I). The f u e l  elemerit is 

free of surface t r a c t i o n  2nd t h e  temperecure va r i e s  i n  t h e  

x - d i r e c t i o n  o c l y ,  l e . ,  '? = T ( x ) ,  It i s  rF--asopable t o  sup-  

pose that  under these  c m d i t t o n s  t h e  strPss comr:onents will 

be of the f c l lowinp  f o m .  

3 = 0 = f(x) 5 
ZZ Y v 

and 

Fcuat ion.  (4.;) 3 c l d s  bc?cacsp i>O s u r f a c e  t r a c t i o n  zppears 

on t h e  ? lanes  -7 = Lb. Since  t h e  p1z!Ze 1 s  t h i n ,  t p , e  r s s i o n  

i s  3xtended t o  i n t ep i : ?  p l i t nes .  S u S s t i t u t l n g  i n t o  t h e  equi- 

l i b r i u m  equ.atioi?? ' -7 .  (rl) - shows t h a t  these s t r e s s e s  s a t -  

isfy t h e  e q u i i i b r i u n  e a u s t i o r s .  S u b s t i t u t i n ?  i n t o  t h e  com- 

p a t i b i l i t y  c m l i t i o n s ;  j-9 (4.11, ( 4  e 2 )  :, or ( ?  a 3 ) ,  we obtain 

; j 2  f ( r . )  + --" [ T ( x )  * -  T ol 1 = 0 ,  - {  a x 2. 1 -\! 

f o r  any oA:e of t h e  t h r e e  equatims. 



. 

! 

i 
4 
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(4.1.0) 

(4.11) 

t and 

1 I’ 

(4.14) 
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(12 )  Then t h s  stresses a r e  

3x lb xT(x)dx]. 

(4.16) 

u G = -[--T(x)+- a r  1 b  1 T(x)~x + - 
YY -Ivv 2b -b 203 -b z z  

It. is found t h a t  if t he  ter.!?craf,ure distribution i s  symmetric, 

t h e  c o n s t a n t  c 2  will be zero .  "_';?us, the stress reduces t o  

where T(x) = T(-x) . 

.. I 
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( 5 )  SuCden Iccret-ise of  F l m  T'nte a t  Cofistant rull Power 

( a )  Solu t for ie  o f  Ter?perature P i s t r i b c t i o n  

A r e a c t o r  o p e r a t i n ?  et full nowe!: Po under s t ea iy  s ta te  

_-____-_-- ---- 

cond i t ion  has a constar,t coolant flow r a t e  X0. 

&U"b n = + ~  c l ~ d r i ~ d y  I--__ increases to W 1 .  t h e  nuaerical value  of which 

is Letemiced f m F  the  eauation (3 .28)  bv settlnr h 

The cKf'ferePtial e a u a t i o n s  of t h i s  p a r t i c u l a r  Froblern a r e  

yiven i n  Equat io??? ( 3.10)  (3 .29 )  m d  ( 3 . 2 1 )  by lettina h ( r )  = 

h1, W(T) = XI: ? = P 2nd q ( z )  = q = 1. 

i n  Equat ion  (3 .22)  hr2 

This flow 

= l.lho. 

The s o l u t i o n s  given 
0 

= modified. ? e s s e 1  fucc t io i l  . and I n  
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where T ( x >  = ! - A i X 2  
0 

b 

Fcr 5hLs parabolic tenlperature distrrbutfon, v e  f l n d  %hat  

tke maximum thermal  stress o c c u r s  a t  x = 5 .  t i  ! h i s  stress I s  

(5 .3 )  

t3e sur face  n f  t l ,c  p l a t e  ve c a ~  express Pc.  (5 .3 )  i n  the 

follDwinv pcrc: 

1. i 



I 

t 

i (5.7) 

Thus t h e  s t ~ o v e  s ta te  v a r i a b l e  c o n s t r & i r ~ t  i s  t h e  product 

of the heat trarisf'cr coetficicnt and t h ~  C l f f e r e n c e  o f  t h e  

teqxi -a tures  of t3c core  an$ t k e  r r o p p l l e n t .  

A n u m r l c a l  ezemp2.e is @-vet: here for the case in which 

t h e  heat t ransfer  coef ' f ic ie l l2  jrlcrcases frcn 11 

The physical parameters f o r  t h i s  nucericel examFle are (see 

Appendix B): 

to h, = 1.1 ho. 0 



2 5  

'L 
rl = 1, 

6L = 12.45, 

2, 
v = 0 . 2 5  , 

The t h c m a l  s t r z s s  at  stc .ady-stace conditions i s  obta ined  

from EqLtations ( 5 . 6 )  an6  ( 5 . 1 )  E S  

= o.~~~(l@)-~(aEPo). (5 .9 )  

Thus t he  r a t i o  of  thermal  s t r e s s e s  i s  ( a t  Zn = 2L) 
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vir. 2 .  It is founc: t h a t  the  i n c r c m a  of thermal s t resses  is 

about  the same percentaye  ?r; that of flo15r r ? t c  

roximately 12: !-i;i~her i f  5l = 1.1 h o d  

whjch is ap': 

(100 + .J)% is allcved f o r  t h c  t ransier i t  thermal stresses. 

Thus 

Under t he  full power s teady  s t s t c  conditions t h e  tem- 

peratures TL,(k3Z .':) anpi 

values. The?? valucs remifl e D p r o x i m a t e l y  t h e  s m e  whi le  

t h e  flow Fate  2nd t'ie keas tr-...nsfer coefficiv2nt suc?rknlv in- 

( Z m z t )  take on sone c o n s t a n t  
T G 





c 

we have 

or 

15.14)  

(5.15) 
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( 6 )  Shut-dawn of F q ~ ~ e z - a t  Cmstant 3 i l l  Flow 

( a )  The !!eat Transfer Protleri. 

A r eac to r  x d e r  s teady  s t a t e  concllt ions has 2 con- 

stant flow rate !do. 

P- t o  3 new level P.  

t i o n s  (? .23) ,  ( 3 . 2 4 )  and ( 3 . 2 5 ) .  The s o l u t i o n s  of the p r o 5 l e ~  

are shobir- in Eq. (3.26). 

Thermal S t r e s s  due to Temperature Distribution i n  

x-Di r e c t i m i  

The power drops from a steady s t a t e  va lue  

The process dynamics are r l v e n  I n  Fqua- 
U 

( b j  

?quation ( 5 . 6 )  de r ived .  i n  S e c t i o n  5 i s  v a l i d  here.  The 

value of h3CTc(b,?,t) -. 'I' r31- ( Z . t ) ]  c m  be ob ta ined  from Equatior! 

( 3 . 2 2 b )  by settirirr, f j  = e o ,  h = ho - 
7 ( c )  ;?umerical fixamrlc 

An exayple i s  giver! for a protie;?.  on reac tor  shutdown. 

The power of t h e  - -eec tor  i s  initially a t  a h iqh  level Po and 

suC;Senly Cropr>e:? to 2 cons tan t  low l e v e l  P whereas t h e  f l o w  

rate of coo lap t   LE^ ! -eyt  c s m t a n t .  The physical parapeters 

f o r  t h i s  trample s r e  

P = I O - ~ C ~ ,  2 e  = 3 [ f t ]  

= rxlal l e n g t h  of t h e  r e a c t o r ,  

2, I) = 6 p J  
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(i) ';Ii;.Tnerica2 r e s u l t s  for j;h:-Trizj. s t resses  clue to tem- 

perzture variaticm in x--,"iroct5.cn 

With the non-dinEnsiona1 tine T / Y ,  arid t/t+ as absissa, 
J. 

the temperatures TT,Bnd.  T 

Equation (3.26), are plotted in Yigure ?. With the same 

absissa the therms!. stresses at z = 29, $?.!-le to temperature var- 

iation in x-cir.t.c.ticii a r e  shown in FirnTe 4 .  The Ressel 

Functiom are evaluz%eC by t a b l e s  

at the e x i t  z = 2 E  conputed by c- 

(13)(7_4> 

It is obserwC. from F i g u r e  4 t:?at, the thermal stress 

decreases a o n o t c n i c a l l y  fro? t h e  h i g h e s t  va lue  ie. .L the 

steady state ztrP-sro,  t o  a vcry  . ~ . a l i  va lue  2-n a t i m e  interval 

of about 11 see. "kls stress will, LaiJ?:-?f'cre, c'suse P.O t r o u b l e  

to the reactoi-. 

(ti> Nurnc-;?ica!. r e s u l t  fc?r temperature v a r i a t i o n s  in 

z-d i rec  t i o n  

Several ccrves  of temperature TIT v s  z v i t h  d i f f e r e c t  T 

are  plotted in 7iqc-e 5 .  
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Appendix A I : i s t c. i*i c a 1 Re view 

( a >  Heat Tramfer 

The determina t ion  of th?  tenperature C i s t r i b u t i o n  in 

a s o l i d  i s  a boundary va lue  problem of hes t  conduction. 

heat conclj.uction p r i n c i p l e  was first 3rnpoSeC by ?curter in 

1822. 

s o l u t i o n  of 2. conduction probler?.  of i! s o l i d  w i th  cons t an t  heat 

sou rce .  An a n a l y t i c a l  s o l u t i o n  was obtainec? by Fatemon 

for the conduction problen  3sv:n~ a source  term coupled w i t h  

tempera ture .  

i n  which most of t h e  cofiduction proSle?-.s \;ere systematically 

discussed e Recegtly several papers 9 y  Siege1 

s t u d i e d  t h e  h e a t  t r a n s f e r  f o r  fluid f l c v  inside p 2 r a l l e l  p l a t e s  

and c i r c u l a r  tubes under  time and pcss i t ion  eependent wall 

t empera tures .  An example f o r  a nuclear r e s c t o r  was also g iven .  

Dopgett e t  a1 ( E - 6 )  T,ror’.:eC cz a Euclez- ~:-?..ct.or . p r c h I e n  with  

s i n u s o i d s 1  space and exponen t i a l  t i m e  varying power generat iof i .  

Yost cf t h e  s o l u t i o n s  given by the above a n t h c r s  were i n  a 

The 

Awberg (A’) v!!i?s t h e  f i r s t  t o  Zerive t h e  a n a l y t i c a l  

( A 2 1  

In 1946. Czrslaw h J8eqer ( a 3 )  published a book 

( A $ )  ( A 5 1  

complicated series form. 

(0) T h e r m 1  S t r e s s e s  

The f o r n u l a t i o n  of e l a s t i c i t y  includir?g t h e  effect of  

t e f ipe ra tu rc  variations was s t r j d i e d  by Duharnel as e a r l y  as 

1835. EoweverJ invcstiqations on tbe e f f e c t s  of tenlperature  

i n  t h e  s t u d y  of t h e  inelastic behavior  of : - a t e r i a l  have hegun 

only r e c e z t l y .  Therefore ,  t he  subject of thernial  stresses 

ranges  frm claTsZcal t o p i c s  to !ioc?ern t k e o r i c s  which are 

still i n  e t e n t a t i v e  form. 

formulae fGr t h e  thermal stresses in a un i fb rm p la te  with a 

S. Tirnoshenko ( A 7 )  d5rived t h e  



. 
f e r e n t i a l  enuat:ooris, Hoxever, Zn - - : m y  enrTneeriny a p p l i c a t i o n s  

one has to deal wit:? d i s t r i b u t e d  paraqeter system. Butkovski i  

e t  a1 specLfiec2 s e v e r a l  op t i rna l  c o n t r o l  problems and. show- 

ed one exarcple which coule  l e  solvec? by Pon t ryag in ' s  maximun; 

p r i n c i p l e .  Later Eutltovskii  qave t he  opt imel  c o n e i t i o n s  

f o r  a s y s t e m  desc r ibed  by  nonl inear  i n t s q r a l .  equa t ions .  The 

opt imal  ccrnditions f o r  t h e  cont,rolled p rocesses  desc r i ?e6  by a 
( A l ' f )  hyperbol ic  d i f f e r e n t i a l  equat ion were c iven  i n  E m r o v ' s  

paper.  Lure  (2 r j )  Tave the o p t i n a l  t h e o r e w  f o r  the "lager- 

Eolza problem i n  5 i s t r i b u t e d  p a r m e t e r  s y s t e m s  by t h e  methoe 

of  cal-culus of v a r i a t i o n s .  S l r a z e t d i n c v  (F-21) 6evelopsd t h e  

maximw p r i n c i p l r  for a sgs t ezaove rned  by a q u a s i - l i n e a r  

f i r s t  o r d e r  partial differential equation. 

( d )  S ta te  v a r i a b l e  c o n s t r a i c t s  

As ea r ly  as 1937 Vr-r lxt ine ( A 2 2 )  out l i f ied  problcms 

w i t h  i n e q u a l i t y  constr2Ants  on t h e  control v a r i a b l e s .  These 

e q u a l i t y  c o n s t r a i n t s  on e t g ~ t e  v m i a b l z s  o f  an optlaal problem 

were p r e s e n t e e  317 " zak re l idze  and. Berkovi tz  ( A 2 5 1  

Recent ly  ~ t h e  necessary  c o n ~ i t i o n s  f c ?  extreml.  solutions on 

o p t i m a l  progrzwning probler:!s with i n e q u a l i t y  c o n s t r a b t s  
were given  by Bryson e t  a l .  ( A 2 6 1  

S o l u t i o n s  of these  p r o b l e m  by t.%e methot? of s t c e p e e t  

? u x r i c a l  s o l u t i o n s  a r e  ( A 2 7 )  (.Up) a s c e n t  were proposed. 

ob ta ined  through t h e  us? of in terqral  p e n a l t y  f u n c t i o n s .  P, 

more direct method wzs r e c e n t l y  p r e s e n t e e  by Fenham and 
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Appendix B Re?.ctor CaPculati-Fa f '~ r  i: ''t11:lear Pocke t .  

( a )  Calculation of  Buckling 

I s  about 500 (51) ( 2 . 2 )  Assumin? t h a t  t h e  atom r a t i o  

f o r  a r e a c t o r  w i t h  s p h e r i c a l  core,  we have 

The atom r a t i o  czn b e  c a l c u l a t e d  fmrr, t h e  followin,q r e l a t i o n s -  

Y p u  - p - 

( 9 2 )  

Vv = vo lu re  of c o r e  w i t h  v o i d ,  

ITu =  ass of  V235 i n  vc luae  V ,  



I- 
t .  

I 

Cornbinin? Equat ions (El)(B2) and (3:) wc have f o r  a core w i t h  

no void,  

12 ?tTT 
< I  

Tke c r i t i c a l  X ~ S E  for EL spherical .  r e s c t o r  with graphite 
035) core and Beryllium reflector is given by  ' r i ~ n s s i ~ ,  G . E .  

in LA2141 p .  57, t is  &out  30,000 grams. 

e s t i m e t e d  tc be 11 cm t h i c k *  

e t  al 
The 2e- re f l ec to r  is 

L e t  R, be t he  r . sd ius  of the s p h e r i c a l  c o r e  v i t h  t h e  voir2 and 

and v l t h o u t  couct!-n- ze*lzctDr. Y e  re&ct ,or  does have re- 

f l e c t o r s .  

3 

--. 4 7 - 7 3  = 'Jv ' 
7 - s  
J 

The corresnonCinc b a r e  core  cBn be found by a C c X ~ q  the extre- 

p o l a t i o n  len!?t!-. 

For t h e  atom r a t i o  cf 59C, one has 

X ,  which car, be ot.talir,ed from L~2141 p.53.  

8 = - 2y = - 2 2  ~ 



L 

l- 
t *  

I 

t 

The t o t a l  rad:lus of  t h e  equlvralznt berc core  is 

F? S + x = 52 + 30 = 8 2  [ C F ~ J .  (311) 
The above f i q u r e  can bz  conpclzed to a c a l c u l a t i o n  fron? another 

source. The r a d i u s  sf bare sphere (BG) for il U235-praphite 

r e a c t o r  w i thou t  voic' i s  a2prox ina te ly  6 0  CIT. for a c r l t i c a l  

mass of aboct  30 t o  [IO k q  of V235. The e q u i v a l e n t  r a d i u s  w i t h  

The dimerisions o f  a c y l i n d r i c a l  c o r e  ( B 7 )  for th.e same bucklincr 

are r e l a t e 4  as 
R2 = ( -  71 ) '  + (  2.Li05)Z 

? A ,  H :'+A 

R = rac'.!.us of t h e  cylinc7,er I 

= t5iciiness of F e f l e c t o r  i n  r a d i a l  d l r e c t i o n ,  

= thickness of  r e f l e c t o r  5n axis1 direction. A H  and 

Assuming t h 2 t  t5e heicrht of the i -cactor  i s  q u e 1  t o  t h e  diameter ,  

Equation (813)  becomes 



Equat ing t h e  buckTin ;~  for both geonet r ie r ,  we o b t a i n  

- - ,--d 
r + x 

S u b s t i t u t i n g  t h e  q u a n t i t y  given in Eq. ( B 1 1 )  i n t o  the above 

equa t ion  one o b t a i n s  

,% R + a r  = (32 x 0.913 = 75 [ C ~ I  

and 

3 = 75 

Thus the core 

i s  3 ft i n  a 

of a r e a c t o r  i i i  c y l i n d r i c a l  shape with 20% void 

m e t e r  and 3 f t  i n  height without  i n c l u d i n g  

r e f l e c t o r  t h i c k n e s s .  

(b) The Xela t ionship  between Void i ' rac t ion  and 3ucklinz. 

Since t h e  uensit.y of hycrogen i s  m a l l  ir: comparison w i t h  

that  o f  carbon,  Eq. (i55) i s  approxixated as 

I .  

Therefore, f o r  d i f f e r e n t  void f r a c t i o n s ,  t he  average d e n s i t y  

carbono czn be obtained: 

p c  1-5 



Because both  reactors  are i n  c r i t i c a l  cond i t ion ,  we have 

j 
I 

-2 ( E 7 )  where T = Fermi age = ( c )  5 

' (B7) 
C = Macroscopic c r o s s  s e c t i o n  = P .  

(S16) 

Then t h e  r e l a t i o n  between the Su-ckling zn2 void  f r a c t i o n  i s  

ob ta ined  

With Equat ion ( 3 1 2 ) ,  one has 

For i n s t a n c e ,  changing t h e  void f r a c t i o n  5 from 0 . 2  t o  0 .3  

w e  have 
-. - 0.7 

>o 0 . 8  u -  

or 

Thus ?? = 8 5 . 6 - 3 0  = 55.6cm = 1.8Cft l  f o r  core  o n l y .  

( c )  Ca lcu la t ion  of Fuel  Element 

The t h i c k n e s s  of f u e l  plates can be c a l c u l a t e d  by t h e  

fo l lowing  assumptions.  

( i )  The number of' channels is 212 ,  

(ii) The vo id  i s  20% 

(iii) The cross-sectional area of t h e  Teac tor ,  3 f t  i n  

d i a m e t e r ,  i s  e q u i v a l e r t  t o  a square ,  2 .66 f t  X 2.66 f t .  



(3.v) The width of f u e l  p l a t e s  i s  2 . 6 5  f t .  I 

If t h e  t h i c k n e s s  of rue1  p l a t e  is Sb and the width o f  coo lan t  

channel  i s  d ,  t h e  c ros s - sec t iona l  a r e a  o f  t he  r e a c t o r  i s  
I 

I 

(2.66~12) ( 2b+d)212[in2] = ( 2 .  66x12)’[in23 

and the void of t h e  r e a c t o r  i s  

(B19a) l 

I 

= 0.2. (B l9b  1 dx2.66~12 
(2b+d) ~ 2 . 6 6 ~ 1 2  I 

The s o l u t i o n  f o r  d and b are thus 

d = O.G3[in], 

and b = 0.06Cinl. 

The 0.12 i n  f u e l  @la te  i s  wi th in  t he  ranee  given by M. M .  Leroy 

and J .  J .  NewEard i n  ’ 3ocket-Reactor Feeip. ’ 

(6) 

( B 8 )  I 

~ 

Computation of Hydrogen Flow a t  F u l l  Power 

The hydrogen tempera ture  a t  e x i t  i s  assumed t o  be 4,500 0 R. 

I f  t he  i n l e t  t e r -pe ra tu re  o f  hydroger\_ i s  t aken  as 1800~ and the  

t o t a l  power of the  r e a c t o r  1 0  KW, wz can c a l c u l a t e  t h e  hydrogen 

flow ra te  p e r  chaimel from the  r e l a t i o n  

I 6 
I 

where ? = average s 3 e c i f i c  hea t  of hydrogeli p e r  channel ,  E 

% Thus, W = flow rate  of hgerogen p e r  channel 

( e )  Computation o f  Yaximun! Temperature at. ‘WI-I tower  



. Thus the fo l lowing  r e l a t i o n  can be obta ined  from Equat ions 

4 ‘BTU 3 ~ 2 5.6x10 c 5 g.5x10 where P = - - 
0 vv - CI f t 3 ~ e c  

” ( 3 )  L x 3 x 0 .  8 6 

vv = volume of carbon-.uranium = E(3)2x3x0.8 [ f t 3 1  

b = 0.06  [ i n ]  = 0.005 [ f t l .  
anc! ho = heat transfer c o e f f i c i e n t  . 

The heat t r a n s f e r  c o e f f i c i e n t  ho i s  eva lua ted  by the  fo l lowing  

am2 

where Fe =F.eynolds number 

v = v e l o c i t y  o f  hydropen ? 

p z  = d e n s i . t y  of hydroger, 

W = v4,A = mass flow r a t e  of hydrogen 
3 

* m lbm 
Sec 

2 123[‘- ] = 0.283 

A = cross-sec t ior .21  Srea of coo lan t  channel 

= dT - o.96[ in2]  = 6 . 2  [crn’] , 

= 214S10-6[J=---], v = cverage v i s c o s i t y  (”’)$ 
Cm See 



. 

= O.O6[ir_] = O.152[Cr1] 

IJu = Nusselt no. 
P r  = P r a n d t l  no. = 2, 0.66 f o r  hydrogen 039)  

k = average heat  conduct ion c o e f f i c i e n t  sl" hydroger: ( B 1 0 )  

and 

By u s i n g  Eauat ion  ( B 2 5 )  and t h e  values of Nusse l t  no. and k 

w e  o b t a i n  

Thus t h e  maxiaum t empera ture  of the fuel p l a t e  can be evaluate6 

from Equat ion ( B 2 2 )  

= 342 + 4500 = 4842 [OR] - 
The above c a l c u l a t i o n  shows t h a t  the h i g h e s t  t empera ture  of' 

t h e  f u e l  element i s  l e s s  t h m  t h e  des igned  me l t ing  p o i n t  of car -  

bon. The a c t u a l  me l t ing  poifit of carbon i s  about 6850°;1 (B11) 
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net energy f low into t h e  con t ro l  voiume per  unit t i m e  due 

t o  t h e  fluid. f l o w ,  

work done t o  t h e  c o n t r o l  volume p e r  unit time due to 

change of ~ j r e s s u r e  asd d e n s i t v ,  

beat i n p u t  i n t o  control volume per u n i t  t i m e  from t h e  

boundaries, 

Equating the r a t e  of char?,ge of' enerTy t o  the  sum of t h e  

o t h e r  energy rates, i . e . ;  (a) = (b) + ( c )  + ( d ) ,  w e  have 

u = c v q  - -  T and u + = C ( T  - TGo) 
GO p .- R G  

A 

where TGo = reference temperature 

we Gbtain 

a ( p  T ) + C$b)=TG a = Dh[Tv-Tc]. ACv a t  g G 

Reference f o r  Appectjix C. 

(C1) J. F. Lee, F. W .  Sears,  "Thermodyriamics' Addison - 
Wesley P u b l i s h i n g  Co., Inc .  1959. 



Appendix D Transient Solutions of' Heat Trans fe r  

Probler :  by One-- i?hensional  Aproach  

By t h e  k t x c + u c t i o r i  r ~ f  t h e  f c l l m i n g  v a r i a b l e s  

F.quations (3.13) can be t raasformed i n t o  

with t h e  hou.ndary conc-i t ion 

and t h e  i n i t i a l  conc?.iticl?n 

Applying the Laplace  f;iaarrsi'orm in 2 ,  and a e f i n i r g  

and 

we o b t a i n  

with the i n i t i a l  con.2lltion 
r 



c 
f r  

Equation g i v e s  t h e  r e  1 a t  i o n  

S u b s t i t u t i n g  t h e  ibove equat ion  into Equat ion (C4a)  g i v e s  

The s o l u t i o n  o f  Equat ion (D7) is 1 , .  

S u b s t i t u t i n g  i n t o  ( 2 6 )  

hs, ?-? B t  



yJ 
S + B ]  . (D13) s+B 3 = e L e t -ht,  -111 

hs -- 
-1 1 ( c )  L f-25' 

5 2  S 

The above f u n c t i o n s  can b e  m i t t e n  t h e  fo l lowing  forrr, 

a 
P(s) = e -  S+ 6 

( s + y > "  
c (C714) 

where a p rope r  choice of m j  a 4  andY rep reFen t s  e5ther Equation 

(D12) o r  (D13). Thus i f  the  i n v e r s e  o f  Equat ion (D lQ)  

i s  known, xe are  able  t o  obtain the i n v e r s e  o f  Equations (Dll), 

(012) and (513) .  The i n v e r s e  of Equat ion (El4S i s  de r ived  as 

fo l lows  : 

s+E where G ( s )  = - s+y ' 

0 I -- P 

a -- 
1 3 + B  F ( s )  = - e 

S+3 
(018) 

(ill-) (32) By a p p l y i n y  se r ies  expansion 50 Equation (D19) we have 

thus  

ns.0 n=o 



To e v a l u t e  t h e  in te lgra l  i n  Equa t ion  ( D 2 4 ) ,  re1ai;ions betweeri 

the inodified Bessel fcnc  t i ons  are needed. The i n t e g r a l  re la -  
(D4)(95) t i o n  i s  d e r i v e d  from the r ecu r rance  f o r m u h e  3s fo l lows  

S u b s t i t u t i n g  Equat lons (D17) anG (221)  i n t o  Equzitions ( E l 5 1  

g i v e s  

Applying t h i s  c h 2 ~ g z  of va2iab les  to E c - ~ l s t i o ~ s  ( 3 2 2 1 ,  w e  have 
a 

Solv ing  f o r  Im+,,( E )  from Ec-uation ( 9 2 5 b )  ar_d s u b s t i t u t i n g  i n t o  

E,quat ion ( D 2 5 a )  g i v e s  
L 

(D26) 



M u l t i p l y i n g  5 m+l i n  t h e  above equa t ion ,  we o b t a i n  

‘h? re fo rc ,  t h e  integral re lat ior ,  c f  MoclifieC Bessel f u n c t i o n s  

is 

Applying t h e  above i n t e z r z l  r e l a t i o n  t o  Equat ior :  (D21-!) and 

i n t e g r a t i n ?  by p a r t s  pives 
a 



Differentiatin2 the abovn q u a t i o r ,  w i t h  r e s p e c t  t o  y :  we have 

Applying t h e s e  derir-c' i n v e r s e  f o r m l c e  t o  Eiruation (D10) 

gives E q u a t i o n  (3.222) in the text. 



I References for A?pendix 3 

. -  



AppenCix r' "r-Tnsfer,+, Sc7ut ior . s  3y ' e r turb2t ion 

?he per2i:rbec' termeretures  of' f u e l  an2 coolant are given 

in fquz t iocs  (3.23)  anc r e - z a t e d  :v--re f o r  convenience. 

xi t h hounCary c onZi t I c;; 

= o .  I 2=0 
o r  T ( z . t )  



c 

I .  

The sclutions of ?:uzt.ion ('5) in %errs of t h e  LzplF,ce 
I 

I 
1 

Transform Opera tor  p w e  

and 

Using t h e  r3letion I 
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L 

L 

Appendix F Geceral pcua t ions  for Thermal S t r e s s e s  

The k a s i c  d i f f e r e n t i a l  e q u z t i o n s  for the  l i n e a r l y  coupled 
(F'i) t h e r m o e l a s t i c  t heo ry  are 

where 

E = YounT9s modulus, 

V = PoIssor's r a t i o ,  

T = t empera ture  d i s t r i b u t i o n ,  

To = r e f e r e n c e  t empemture  f o r  which t h e  material  i s  

s t r e s s - f r e e ,  

u = stresses, 

U , V _ W  = disp lacements  i n  x, y ,  z d i r e c t i o n ,  r e s p e c t i v e l y ,  

3 = c o e f f i c i e n t  of l i n e a r  thermal  expansion, 

0 = density, 

C = s p e c i f i c  h e a t ,  

P = heat s e n e r a t e d  p e r  unit volume Fe r  u n i t  t ime.  

The heat conduct ion equat ion ,  Equat ion (5'1): t s  coupled  wi th  



the e q u i l i b r i u m  equa t ion ,  Equation (F2). This couplee bound- 

a r y  va lue  problem is  of cons iderable  mathematical d i f f i c u l t y  - 
F o r t u n a t e l y ,  i n  eng inee r in?  a p p l i c a t i o n s ,  i t  is  p o s s i b l e  t o  

i n t r o c u c e  c e r t a i n  assumptions t o  s i i np l i fy  t h i s  problem. The 

p r i n c i p a l  s i m p l i f i c a t i o n s  a r e  the  o n i s s i o n  o f  the  m e c h m l c a l  

c o u p l h g  term i n  t h e  heat conduction equa t ion  and the i n e r t i a  

terns i n  t h e  e a u i l i b r i u m  equat ions .  Usual ly ,  t h e  theo ry  based 

o n n o n e o f  these s i m p l i f i c a t i o n s  i s  c a l l e d  coupled theo ry .  The 

umoup led  theo ry  i s  base6  on an approximation which omits t h e  

mechanical coupl ing  term i n  the hea t  conduct ion equa t ion  whereas 

t h e  uncoupled qi .?asi-s ta t ic  theory  omits  both t he  mechanical 

coupl ing  and i n e r t i a  terms. 

Reference f o r  Appendix F. 
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John Wiley & Sons, I n c .  , 1960. 



Appendix G Thermal Elasticity 

For the quasi-static three-dimensionzl thermal s tress  

problem in rectangular coorCinates the three equations of 

equilibrium with no body forces are (Gl) (G2) 

- a 0 + qxy a + a * X Z  ‘ 0 ,  ax xx 

and u = o .  2 t -  a 
+ ‘YZ az zz 

- a c J  

a x  xz 

These equations, con ta in lng  six eorpments of stress Q x x  , 

0 are zot s u f f i c i e n t  f o r  t h e  determination of these OXY’ ’ 2z3 
components. 

the  elastic d.efcr:.;ztions and the thermal expansions of the body. 

In order to obtain t h e  solution we must consider 

(G1) By using ;J,ooke’s law, the six stress-strain relations are 

where F: - Young’s modulus, 

G = shear nodulus, 

E = strain, 

T = temperature distriSution, 

To = initial temperature distribution, 

and! a = coefffcient of linear thermal expansion. 



1 

L 

c 

-ft should  b e  noted that t h e  

point are completely deternl 

ponents u, v ,  w, s u b j e c t  t o  

ment relations 

six components o f  

ned by t h e  t h r e e  I 

t h e  f o l l c w i n g  s i x  

s t r a i n  at each 

isplacement com- 

s t r a i n  displace-  

References f'cr P.ppenCix G 
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Appendix H Compat ib i l i ty  Conditions 

The s t ra in-d isFlacements  r e l a t i o n s  reduce to the follow- 

i n g  s i x  d i f f e r e n t i a l  equat ions  i n  t e r m  of s t r a i n s  by di f fe r -  

e n t i a t i n g  Equat ion (C-3) i n  Appendix G. 

i 

i 

By u s i n g  Hook's law, t h e  strains i n  t e r m  of stresses are 

f a  i - c r  where Q = uxx  

S u b s t i t u t i n g  Equation (H2) i n t o  t h e  2nd r e l a t i o n  of  Equat ion 

(Hla) gives 

Y Y  z z  . 



a2 a2 +- --)(T-T ) =  2 ( l + v )  
a2 + &(- 

3 2 2  ay2 0 a ya z‘yz 

Ziffcrentizting t h e  second of  t h e  e q u i l i b r i u m  e a u a t i o n s  fi. e .  

Equat ion(Gl)J  w i t h  r e s p e c t  t o  z and t h e  t h i r d  with r e s p e c t  

t o  j r  and adding them t o g e t h e r ,  we have 

Applyin.. the f i r s t  o f  t h e  e q u i i l b r i u r n  equa t ions ,  one o b t a i n s  

S u b s t i t u t i n z  l3q-u?ttoc (H5) i :J to  Equat ion (133) we have 

(HO) 

Two analogous e q u a t i c n s  can b e  cb ta lned  from t h e  o t h e r  con- 

d i t i o n s  o f  c o m p a t i b i l i t y  Equation ( H a ) .  

e q u a t i o n s  g i v e s  

Adding all t h r e e  

By ehanging t h e  s u b s c r i p t s  f rom x t o  y c r  z two more equa t ions  

of t h e  same t y p e  can b e  obta ined  by u s h g  t h e  r e l - a t i o n  g iven  

i n  Equa t ion  (Fila). 

are d e r i v e d  from Equation ( H l b ) .  

By a s imi la r  procedure th ree  other r e l a t i o n s  

One rJf t h e s e  r e l a t i o n s  is 


